Rules for integrands of the form (d + ex)™ (f + gx) (a+bx +cx?)®
whene f-dg#0

0: J(ex)“‘(f+gx) (bx+cx*)Pdx whenbg (m+p+1) -cf (M+2p+2) =@ Am+2p+2#80

Rule1.2.1.3.0:f bg (m+p+1) —cf (m+2p+2) =0 Am+2p+2+0,then

g (ex)" (bx+cx2)p+1
J(ex)’“ (Frgx) (bx+cx?)Pdx —
c(m+2p+2)

Program code:

Int[(e_.#x_ ) M_.% (F_+g_.*X_)* (b_.#X_+C_.*X_"2)"p_.,x_Symbol] :=
g+ (exX) “mx (bxx+Cxx"2) A (p+1) / (C* (M+2xp+2)) /;

FreeQ[{b,c,e,f,g,m,p},x] & EqQ[b#gx (m+p+1) -CxFx (M+24p+2) ,0] && NeQ[m+2xp+2,0]

1: Jx"‘ (Frgx) (a+cx?)?dx when mez A 2p¢z

Derivation: Algebraic expansion

Rule1.2.1.3.1:If mez A 2p ¢ Z,then
fx"‘ (F+rgx) (a+cx®)Pax — 'FJ.X"' (a+cx2)pdlx+gJ.x’"+1 (a+cx?)Pdx
Program code:

Int[x_"m_. (F_+g_.*X_)* (a_+C_.*Xx_"2)"p_.,x_Symbol] :=
fxInt [X mx (a+C*Xx"2) *p,Xx] + gxInt[x"(m+1l) * (a+CxXx*2)*p,x] /;
FreeQ[{a,c,f,g,p},x] & IntegerQ[m] && Not[IntegerQ[2xp]]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J(ex)"‘(f+gx) (a+bx+cx*)?dx whenpez A (p>0 V a=0AmezZ)

Derivation: Algebraic expansion

Rule1.2.13.2:lf pecZ A (p>0 V a=0Ame Z),then

J(ex)'" (Frgx) (a+bx+cx?)?Pdx — JExpandIntegrand[(ex)’“ (F+gx) (a+bx+cx?)P, x] ax

Program code:

Int[(e_.*X_)™M_. (f_.+g_.#X_)*(a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (exx)"ms (f+g#X)* (a+bxx+cxx*2)*p,x],x] /;
FreeQ[{a,b,c,e,f,g,m},x] & IntegerQ[p] & (GtQ[p,8] || EqQ[a,0] && IntegerQ[m])

Int[ (e_.*x_)™M_. (f_.+g_.#X_)*(a_+Cc_.*x_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (exx) "mx (f+g#X)* (a+c*x"2)"p,x],x]| /;
FreeQ[{a,c,e,f,g,m},x] && IGtQ[p,0]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

3: J(d+ex)'“(-F+gx) (a+bx+cx*)?dx whenb*-4ac=0 Am+2p+3=0 A 2cf-bg=0

Derivation: Quadratic recurrence 2a with 2 ¢ ¥ - b g == @ : square quadratic recurrence 3b withm + 2 p + 3 ==

Rule1.2.1.33:1f b2-4ac=0 Am+2p+3=0 A 2cf-bg=0,then

fg(d+ex)™? (a+bx+cx2)ID+1

(d+ex)" (fF+gx) (a+bx+cx?)Pdx — -
J ( ) ) b(p+1) (ef-dg)

Program code:

Int [ (d_.+e_.*x_)™m_.=* ('F_+g_.*x_) *(a_+b_.*¥x_+C_.*x_"2)"p_. ,X_Symbol] S
—f*g*(d+e*x)A(m+1)*(a+b*x+c*xA2)A(p+1)/(b*(p+1)*(e*f—d*g)) /5
FreeQ[{a,b,c,d,e,f,g,m,p},x]| && EqQ[b"2-4xaxc,0] && EqQ[m+2xp+3,0] && EqQ[2xcxf-bxg,0]

4: J(d+ex)'“(-F+gx) (a+bx+cx*)?dx when 2cf-bg=0 Ap<-1 Am>0

Derivation: Integration by parts

+ + 2 p+1
Basis:If 2cf-bg = @,then@xg<a2kc))zpi:)> = (f+8Xx) (a+bx+cx2)p
 Rulel12.134:0f2cf-bg=0 Ap<-1Am>0,then
, g(d+ex)" (a+bx+cx?)P? i -
J(d+ex)'"(-F+gx) (a+bx+cx®)?Pdx — 2c((p+1) ) _ZCE(ETl) J-(d+ex) (a+bx+cx?)Pdx

Program code:

Int[(d_.+e_.#x_ ) m_.% (f_.+g_.*X_)*(a_.+b_.*X_+C_.#x_"2)"p_,x_Symbol] :=
gx (d+exXx) *mx (a+bxx+c*x”2) ~ (p+1) / (2*cx (p+1)) -
exg*xm/ (2xCx (p+1) ) *Int[ (d+exx) " (m-1) » (a+b*x+c*x"2)* (p+1),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[2xcxf-bxg,0] & LtQ[p,-1] & GtQ[m,0]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

5. f(d+ex)'“ (F+gx) (a+bx+cx?)Pdx whenb?-4ac#0

1: J(d+ex)"‘(f+gx) (a+bx+cx2)pd1x whenb?-4ac=0 Am+2p+3=0 A2cf-bg#0 A2cd-be#0

Derivation: Algebraic expansion

. __ (2cf-bg) (drex) (ef-dg) (b+2cXx)
BaSIS'-FJFgX" 2cd-be B 2cd-be
Rule1.2.1.35:1f b2-4ac=0 Am+2p+3=0A2cf-bg+0 A 2cd-be +0,then

J(d+ex)’" (f+gx) (a+bx+cx2)pd1x —

2c (ef-dg) (d+ex)™? (a+bx+cx2)p+1 2cf-bg

+ J~(d+ex)"‘+1 (a+bx+cx2)pd1x
(p+1) (2cd-be)? 2cd-be

Program code:

Int[(d_.+e_.#x_ ) M_.# (F_.+g_.#X_)* (a_+b_.#X_+C_.*Xx_"2)"p_,x_Symbol] :=
-2%Cx (e*f—d*g) * (d+exx) A (m+1) » (a+bxX+c*x”2) ~ (p+1) / ((p+1) * (2xcxd-bxe) ~2) +
(2#c#f-bxg) / (2xcxd-bxe) »Int [ (d+exx) * (M+1) x (a+bxX+Cxx2) *p,X] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[b*2-4xaxc,0] && EqQ[m+2xp+3,0] && NeQ[2xcxf-bxg,0] & NeQ[2+cxd-bxe,0]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J(d+ex)'“ (F+gx) (a+bx+cx?)?dx whenb? -4ac=0

Derivation: Piecewise constant extraction

+ + 2)\P
Basis: If b%> — 4 a ¢ == 0, then o, ia(bbx—c)z)_ _
5+CX

Rule 1.2.1.3.6:If b2 - 4 a c == 9, then

(a +bx+c XZ) FracPart[p]

b 2p
(d+ex)" (f+gx) (—+cx) dx
2

J(d+ex)m ('F+gx) (a+bx+cx2)pd1x —

b 2 FracPart[p]
cIntpart[p] (; +c x)

Program code:
Int [ (d_.+e_.*x_)™m_.* ('F_. +g . *x_) *(a_.+b_.*¥x_+C_.%x_"2) "p_,x_Symbol] =

(a+b*x+c*x~2) *FracPart [p]/ (c*IntPart[p]« (b/2+c*x) "~ (2+FracPart[p])) »Int[ (d+exx) *mx (f+gxX) » (b/2+c*Xx) ~ (2xp) ,X] /3
FreeQ[{a,b,c,d,e,f,g,m},x] & EqQ[b*2-4+axc,0]

6: J(d+ex)'“(-F+gx) (a+bx+cx2)pd1x whenb?-4ac#0@ ApeZ A (p>0V a=0AmeZ)

Derivation: Algebraic expansion

Rule1.2.1.36:1f b2-4ac+0 A p ez, then

J(d+ex)'" (Frgx) (a+bx+cx?)Pdx — JExpandIntegr‘and[(d+ex)’“ (F+gx) (a+bx+cx?)P?, x] ax

Program code:

Int [ (d_.+e_.*x_)™m_.* ('F_. +g_.*x_) *(a_.+b_.*¥x_+c_.*x_"2)"p_. ,X_Symbol] &
Int[ExpandIntegrand [ (d+exx) "ms« (f+g#x) (a+bxx+c*x"2)*p,x],x]| /;
FreeQ[{a,b,c,d,e,f,g,m},x] & NeQ[b*2-4xaxc,0] & IntegerQ[p] && (GtQ[p,0@] || EqQ[a,@] & IntegerQ[m])



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_.+e_.#x_) m_.* (f_.+g_.*X_)*(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (d+exx)"ms« (f+g#x)* (a+c*x"2)p,x],x] /;
FreeQ[{a,c,d,e,f,g,m},x] & IGtQ[p,0]

7.J}d+ex)(f+gx)(a+bx+cxﬂpdxmmenw—4ac¢0

(d+ex) (f+gx
1:[ ( )dlxwhenbz—4ac¢a
a+bx+cx?

Derivation: Algebraic expansion

Rule 1.2.1.3.7.1:If b2 - 4 a c # 0, then

| =

cdf-aeg+ (cef+cdg-beg)x

(d + ex) ('F+gx) egx
J dx — —— J
a+bx+cx? c c

Program code:

Int[(d_.+e_.#x_)(f_+g_.#x_)/(a_.+b_.*x_+c_.+x_"2),x_Symbol] :

exgxx/c + 1/cxInt[ (cxdsf-asesg+ (cxexfrcxdrg-brexg)+x)/(a+bsx+cxxr2),x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0]

Int[(d_.+e_.#x_)*(f_+g_.#x_)/(a_+c_.+x_"2),x_Symbol] :=
exgxx/c + 1/cxInt [ (c*d*f-a*e*g+c* (e*'F+d*g) *x)/(a+c*x"2) ,X] /3

FreeQ[{a,c,d,e,f,g},x]

a+bx+cx?

dx



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J(d+ex) (F+gx) (a+bx+cx?)’dx whenb?-4ac#08 A b’eg (p+2) -2aceg+c (2cdf-b(ef+dg)) (2p+3) =0 Ap#-1

Derivation: 7?7?

Note:If b>-4ac+0 A b2eg (p+2) -2aceg+c (2cdf-b (ef+dg)) (2p+3) ::e,thenp;&—%.

Rule1.2.1.3.7.2:1f b2-4ac+0 A b’eg (p+2) -2aceg+c (2cdf-b (ef+dg)) (2p+3) =0 A p+ -1,
then

(beg (p+2)-c(ef+dg) (2p+3) -2ceg (p+1) X) (a+bx+cx2)p+1

J(d+ex) (Frgx) (a+bx+cx?)Pdx — -
2c2 (p+1) (2p+3)

Program code:

Int[(d_.+e_.#x_)* (f_.+g_.*X_)*(a_.+b_.*x_+C_.#x_"2)"p_,x_Symbol] :=
—(b*e*g*(p+2)—c*(e*f+d*g)*(2*p+3)—2*c*e*g*(p+1)*x)*(a+b*x+c*xA2)A(p+1)/(2*cA2*(p+1)*(2*p+3)) /5
FreeQ[{a,b,c,d,e,f,g,p},x] && NeQ[b”2-4xaxc,0] &% EqQ[bAz*e*g*(p+2)—2*a*c*e*g+c*(2*c*d*f-b*(e*f+d*g))*(2*p+3),0] && NeQ[p,-1]

Int[(d_.+e_.#x_)*(f_.+g_.*X_)*(a_+c_.*x_"2)"p_,x_Symbol] :=
((e*f+d*g)*(2*p+3)+2*e*g*(p+1)*x)*(a+c*xA2)A(p+1)/(2*c*(p+1)*(2*p+3)) /5
FreeQ[{a,c,d,e,f,g,p},x] & EqQ[axexg-cxdxfx (2+p+3),0] && NeQ[p,-1]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

3: J(d+ex) (F+gx) (a+bx+cx?)Pdx whenb?-4ac#08 A p<-1

Derivation: 77?
Rule1.2.1.3.7.3:1f b2-4ac +0 A p < -1,then

J(d+ex) (f+gx) (a+bx+cx2)pdlx —

-(((2ac (ef+dg) -b(cdf+aeg) - (b>’eg-bc (ef+dg)+2c (cdf-aeg))x) (a+bx+cx2)p+1)/(c (p+1) (b*-4ac))) -
b’eg (p+2) -2aceg+c (2cdf-b(ef+dg)) (2p+3)

J(a+bx+cx2)p+1d1x
c(p+1) (b*-4ac)

Program code:

Int[(d_.+e_.#x_)* (F_.+g_.*X_)*(a_.+b_.*Xx_+C_.#x_"2)"p_,x_Symbol] :=
- (Z*a*c* (e*f+d*g) -b# (c*d*f+a*e*g) - (b"Z*e*g—b*C* (e*f+d*g) +2#%C* (c*d*f-a*e*g) ) *x) * (a+bxX+Cc*x*2) ~ (p+1) / (c* (p+1) * (b*2-4xaxc)) -
(b"2*e*g* (p+2) -2*xa*Cx€*g+C* (Z*C*d*f—b* (e*f+d*g) ) * (2xp+3) )/(c* (p+1) * (b*2-4xaxc) ) *Int[ (a+bxx+c*xx"2)~ (p+1) ,Xx] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4xaxc,0] & LtQ[p,-1]

Int [ (d_.+e_.*x_)* ('F_. +g . *x_) * (a_+C_.*¥X_"2) "p_,x_Symbol] =
(a* (E*'F+d*g) - (c*d*f—a*e*g) *x) * (Q+CxX™2) A (p+1) / (2%axc* (p+1)) -
(a*e*g—c*d*f* (2xp+3) )/(z*a*c* (p+1) ) *Int[ (a+cxx"2) ~ (p+1) ,x] /;
FreeQ[{a,c,d,e,f,g},x] && LtQ[p,-1]

4: J(d+ex) (f+gx) (a+bx+cx2)pdlx whenb?-4ac#0 A pgt-1

Derivation: 77?
Rule1.2.1.3.7.4:1f b2-4ac+0 A p £ -1,then

J‘(d+ex) (f+gx) (a+bx+cx?)Pdx —

(beg(p+2) -c (ef+dg) (2p+3) -2ceg (p+1) X) (a+bx+cx2)p+1
- +

2c2(p+1) (2p+3)




Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

b’eg (p+2) -2aceg+c (2cdf-b(ef+dg)) (2p+3)

J(a+bx+cx2)pdx
2c? (2p+3)

Program code:

Int [ (d_.+e_.*Xx_)* ('F_. +8_. *x_) *(a_.+b_.*xx_+c_.*x_"2) "p_,x_Symbol] 5=
-(b*e*g*(p+2)-C*(e*f+d*g)*(2*p+3)—2*c*e*g*(p+1)*x)*(a+b*x+c*xA2)A(p+1)/(2*cA2*(p+1)*(2*p+3)) +
(b"Z*e*g* (p+2) -2*xa*C*xe*g+C* (Z*C*d*f—b* (e*‘F+d*g) ) * (2xp+3) )/(2*c"2* (2xp+3) ) *Int[ (a+bxx+Ccxx*2) *p,x] /;

FreeQ[{a,b,c,d,e,f,g,p},x| & NeQ[b*2-4xaxc,0] & Not[LeQ[p,-1]]

Int [ (d_.+e_.*x_)* ('F_. +g . *x_) * (a_+C_.*¥X_"2) "p_,x_Symbol] =
((exfrdxg)* (24p+3) +2xexgx (P+1) *X) % (+C*X"2) A (p+1) / (2%Cx (p+1) » (2%p+3)) -

(a*e*g—C*d*'F* (2xp+3) )/(c* (2xp+3) ) *Int[ (a+c*x"2) *p,x] /;
FreeQ[{a,c,d,e,f,g,p},x] & Not[LeQ[p,-1]]

8. J(d+ex)"‘(f+gx) (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’==0
1. j(d+ex)’“(-F+gx) (a+bx+cx?)Pdx whenb®-4ac#8 A cd’-bde+ae’=0 Apez

1: Jh(ex)m (F+gx) (bx+cx?)’dx whenpez

Derivation: Algebraic simplification
Rule 1.2.1.2.8.1.1: If p € Z, then

1
J(ex)’" (F+gx) (bx+cx?)Pdx — e—pJ\(ex)m+p (f+gx) (b+cx)Pdx

Program code:

Int[(e_.*Xx_) M_. (f_.+g_.#X_)* (b_.#X_+C_.*Xx_"2)"p_.,x_Symbol] :=
1/e”pxInt [ (exx) ™ (m+p) * ('F+g*x) * (b+cxx) "p,x] /3
FreeQ[{b,c,e,f,g,m},x] && IntegerQ[p]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J-(d+ex)"‘(f+gx) (a+bx+cx?*)Pdx whenb?-4ac#@ A cd’-bde+ae’=0 Apez

Derivation: Algebraic simplification

Basis:If cd?-bde+ae?=-0,thena+bx+cx?= (d+ex) (%+%‘)

Rule1.2.1.3.8.1.2:If b>-4ac+0 A cd’-bde+ae?=0 A peZthen

Jaren (c-e0) (v coran — faanemes 600 3+ e
e

Program code:

Int[(d_+e_.*Xx_)"m_x (F_.+g_.*X_)* (a_.+b_.#X_+C_.*Xx_"2)"p_.,x_Symbol] :=
Int[ (d+exx) " (m+p)  (F+g*x) » (a/d+c/exx) ~p,x] /;
FreeQ[{a,b,c,d,e,f,g,m},x| && NeQ[b"2-4xaxc,0] & EqQ[cxd"2-bxdxe+axe"2,0] & IntegerQ[p]

Int[(d_+e_.xx_)"m_x (f_.+g_.*X_)*(a_+C_.*X_"2)"p_.,x_Symbol] :=

Int[ (d+exx) " (m+p)  (F+g*x) = (a/d+c/exx) p,x] /;
FreeQ[{a,c,d,e,f,g,m},x] & EqQ[c+d"2+axe"2,0] && (IntegerQ[p] || GtQ[a,0] && GtQ[d,8] & EqQ[m+p,0])

2. j(d+ex)'"(f+gx) (a+bx+cx?)Pdx whenb®-4ac#8 A cd’-bde+ae’=0 A p¢z

0: J(d+ex)"‘(f+gx) (a+bx+cx*)Pdx whenb?>-4ac#@ A cd’-bde+ae’=@ Ap¢Z AmezZ" 2?2222

Derivation: Algebraic simplification

+b x+c x?
Basis:If cd?-bde+ae?=0,thend+ex == de (a+bx+cx?)

ae+rcdx

2 + 2
Basis: If c d2 + ae? == ©,thend + e x == & (arcx?)

a (d-ex)

Rule 1.2.1.3.8.2.0:If b>-4ac+0 A cd*>-bde+ae?==0 A meZ,then



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p 11

, (F+gx) (a+bx+cx?)™
J(d+ex)m(f+gx) (a+bx+cx)pd1x—>dmemj dx
(ae+cdx)m

Program code:

Int [ (d_+e_.*x_)"m_x* ('F_. +g_.*x_) *(a_.+b_.*x_+c_.*x_"2) "p_,x_Symbol] 9=
drmxemxInt[ (F+gxX) * (a+bxXx+Cxx2) ~ (M+p) / (axe+Cxdxx) “m,x| /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[b*2-4xaxc,0] && EqQ[cxd"2-bxd+e+axe”2,0] & Not[IntegerQ[2+p]] && ILtQ[m,0]

Int[x_* (d_+e_.*Xx_)"m_x(a_+C_.*x_"2)"p_,x_Symbol] :=
d*mxe”mxInt [X* (a+C*X*2)~ (m+p) / (axe+CxdxX)m,x] /;
FreeQ[{a,c,d,e,p},x] & EqQ[cxd*2+axe”2,0] && Not[IntegerQ[p]] && ILtQ[m,0] && EqQ[m,-1] && Not[ILtQ[p-1/2,0]]

1: j(d+ex)’"(f+gx) (a+bx+cx2)pdlx whenb?-4ac#@ A cd’-bde+ae’=@ Am(g(cd-be)+cef)+e(p+1) (2cf-bg) =

Derivation: Quadratic recurrence 3awithc d?> -bde + ae? == @ and
m(g(cd-be) +cef) +e(p+1) (2cf-bg) =0

Note:If b>-4ac+0 Acd’-bde+ae?=0 Am(g(cd-be)+cef) +e(p+1) (2cf-bg) =0,then
m+2p+2+0.

Rule1.2.1.3.8.2.1: If
b2-4ac+0 Acd’-bde+ae?=0 A Am(g(cd-be)+cef)+e (p+1) (2cf-bg) =0,then

g(d+ex)" (a+bx+cx?)P?

j(d+ex)’" (Frgx) (a+bx+cx?)?Pdx —
c(m+2p+2)

Program code:

Int [ (d_.+e_.*x_)" m_= (‘F_. +g . *x_) *(a_.+b_.*x_+c_.*x_"2) "p_,x_Symbol] &=
g+ (d+exX) "mx (a+bxX+Cx*Xx*2) ~ (p+1) / (Cx (M+2xp+2)) /;
Fr‘eeQ[{a, b,c,d,e,f,g,m, p},X] && NeQ[b”2-4xaxc,0] && EqQ[cxd*2-bxdxe+axe”2,0] && EqQ[m* (g* (cxd-bxe) +c*e*f) +e% (p+1) * (Z*C*'F—b*g) ,O]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_+e_.*x_) m_x (f_.+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=
g+ (d+exX) "mx (a+C*x"2) ~ (p+1) / (C* (M+2xp+2)) /;
FreeQ[{a,c,d,e,f,g,m,p},x] & EqQ[c*d"2+axe"2,0] && EqQ[mx (dxg+exf)+2xexfx (p+1),0]

2: J(d+ex)"‘(f+gx) (a+bx+cx?)?dx whenb®-4ac#0 A cd’-bde+ae’=0 Ap<-1Am>0

Derivation: Quadratic recurrence 3a with c d2 - b d e + a e? = @ : special quadratic recurrence 2b
Note:If b>-4ac+0@ Acd’-bde+ae?=-0,then2cd-be 0.

Rule1.2.1.3.8.2.2:1f b>-4ac+0 A cd’-bde+ae?=0 A p<-1Am>0,then

J(d+ex)’" (F+gx) (a+bx+cx?)Pdx —

(g(cd-be) +cef) (d+ex)"‘(a+bx+cx2)p+1 e(m(g(cd-be) +cef) +e(p+1) (2cf-bg)) .
- ~J.(d+ex)’"‘1 (a+bx+cx?)Pax
c(p+1) (2cd-be) c(p+1) (2cd-be)

Program code:

Int[(d_.+e_.#x_ ) Mm_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
(g*(c*d—b*e)+c*e*f)*(d+e*x)Am*(a+b*x+c*xA2)A(p+1)/(c*(p+1)*(2*c*d—b*e)) -
ex (m* (g* (cxd-b=xe) +C*e*‘F) +ex* (p+1) * (2*C*'F—b*g) )/(C* (p+1) * (2xcxd-bxe) )
Int[ (d+e*x) " (m-1) » (a+bxx+cxx*2)”* (p+1) ,x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4xaxc,0] & EqQ[c+d"2-bxdxe+axe"2,0] && LtQ[p,-1] && GtQ[m,0]

Int[(d_.+e_.*x_) "m_*(‘F_.+g_.*x_)*(a_+c_.*x_"2) "p_,x_Symbol] =
(dxg+exf) x (d+exx) mx (a+Cxx 2) A (p+1) / (2xCxd* (p+1)) -
e*(m*(d*g+e*f)+2*e*f*(p+1))/(2*c*d*(p+1))*Int[(d+e*x)A(m-1)*(a+c*xA2)A(p+1),x] /3
FreeQ[{a,c,d,e,f,g},x] && EqQ[cxd"2+axe~2,0] & LtQ[p,-1] && GtQ[m,0]

Int [ (d_.+e_.*x_)" m_= (‘F_. +g . *x_) *(a_.+b_.*x_+c_.*¥x_"2) "p_,x_Symbol] S
(g* (cxd-bxe) +C*e*f) * (d+exX) “mx (a+b*X+C*¥Xx*2) A (p+1) / (C* (p+1) * (2xcxd-bxe)) -
ex (m* (g* (cxd-bxe) +c*e*-F) +ex (p+1) * (Z*C*'F—b*g) )/(C* (p+1) * (2xcxd-bxe) ) %
Int [ (d+exx)~Simplify[m-1]+ (a+bsx+c#x"2)"Simplify[p+1],x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[b*2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe”2,0] & SumSimplerQ[p,1] && SumSimplerQ[m,-1] & NeQ[p,-1]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_+e_.*x_) m_x (f_.+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=

(d*g+e*'F) * (d+exX) *m* (a+C*x*2) A (p+1) / (2xCxd* (p+1)) -

ex (mx (dxg+exf) +2xexfx (p+1) ) /(24cxdx (p+1) ) +»Int [ (d+exx) "Simplify [m-1] « (a+c*x 2) ~Simplify [p+1],x] /;
FreeQ[{a,c,d,e,f,g,m,p},x]| & EqQ[c+d"2+axe"2,0] && SumSimplerQ[p,1] && SumSimplerQ[m,-1] & NeQ[p,-1] & Not[IGtQ[m,0]]

3: J(d+ex)’"(f+gx) (a+bx+cx2)pdlx whenb?-4ac#0 A cd’-bde+ae?=0 A (NM<-1VmM+2p+2=0) Am+p+1#0

Derivation: Quadratic recurrence 3awithcd?> -bde + ae? = 0
Note:If b2-4ac+0 A cd’-bde+ae?=-0,then2cd-be +0.
Rule1.2.1.3.823:1f b2-4ac+0 A cd’-bde+ae?=0 A (IM<-1Vm+2p+2==0) Am+p+1<+0,then

J\(d+ex)m (F+gx) (a+bx+cx?)Pdx —

dg-ef) (d+ex)" (a+bx+cx?)?* m cd-be cef e 1) (2cf-b
( g ) @ ) ( . ! ) + (g( U )+ ) ( g) J(d+ex)m+1 (a+bx+cx2)pd1x
(2cd-be) (m+p+1) e(2cd-be) (m+p+1)

Program code:

Int[(d_.+e_.#x_) M_x (f_.+g_.*X_)* (a_.+b_.#X_+C_.*X_"2) p_,x_Symbol] :=

(d*g—e*f) * (d+exX) “m* (a+bxx+Cc*x"2) ~ (p+1) / ( (2xc*xd-bxe) » (m+p+1)) +

(mx (g% (cxd-bxe) +cxexf) +ex (p+1) » (24cxf-bxg) ) /(ex (24cxd-bxe)  (M+p+1) ) It [ (d+exx) " (M+1) * (a+bsXx+CxX"2) *p,X] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[b"2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe"2,0] &&

(LtQ[m,-1] & Not[IGtQ[m+p+1,0]] || LtQ[m,0] && LtQ[p,-1] || EGQ[m+2%p+2,0]) && NeQ[m+p+1,0]

Int[(d_+e_.*Xx_) m_x (f_.+g_.*X_)* (a_+C_.*Xx_"2)"p_,x_Symbol] :=

(d*g—e*'F) * (d+exX) *mx (a+C*X"2) * (p+1) / (2xCxd* (m+p+1) ) +

(m* (g*C*d+C*e*'F) +2xexCxfx (p+1) )/(e* (2xcxd) * (m+p+1) ) *Int[ (d+exx)~ (m+1) x (a+C*X*2) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,p},x] & EqQ[c+d"2+axe"2,0] &&

(LtQ[m,-1] && Not[IGtQ[m+p+1,0]] || LtQ[m,0] && LtQ[p,-1] || EqQ[m+2xp+2,0]) && NeQ[m+p+1,0]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

4: J(d+ex)"‘(f+gx) (a+bx+cx?)?dx whenb®-4ac#0 A cd’-bde+ae’=@ Am+2p+2#80

Derivation: Quadratic recurrence 3awithcd’ -bde +ae? == @

Rule1.2.1.3.82.4:1f b>-4ac+0 Acd’-bde+ae?=0 Am+2p+2+0,then

J(d+ex)"‘ (f+gx) (a+bx+cx2)pd1x —

p+1

g(d+ex)" (a+bx+cx?) m(g(cd-be) +cef) +e(p+1) (2cf-bg
+

) J.(d+ex)’" (a+bx+cx?)?dx
c(m+2p+2) ce(m+2p+2)

Program code:

Int [ (d_.+e_.*x_)"m_x* ('F_. +8_. *x_) *(a_.+b_.xx_+c_.xx_"2) "p_,x_Symbol] E=
g* (d+exX) *mx (a+bxX+c*x”2) * (p+1) / (C* (M+2xp+2)) +
(m* (g* (cxd-bxe) +c*e*f) +ex (p+1) * (Z*C*'F—b*g) )/(c*e* (Mm+2xp+2) ) *Int[ (d+exXx) *mx (a+bxx+c*x"2)*p,x] /;

FreeQ[{a,b,c,d,e,f,g,m,p},x]| && NeQ[b*2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe"2,0] & NeQ[m+2xp+2,0] & (NeQ[m,2] || EqQ[d,0])

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)* (a_+C_.*x_"2)"p_,x_Symbol] :=

g* (d+exX) "mx (a+Cxx"2) A (p+1) / (C* (M+2xp+2)) +

(mx (dxg+exf) +2xexfx (p+1) )/ (ex (M+24p+2) ) »INt [ (d+exX) Mk (a+C*X 2) *p,X] /3
FreeQ[{a,c,d,e,f,g,m,p},x] & EqQ[c+d"2+axe"2,0] && NeQ[m+2xp+2,0] & NeQ[m,2]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

5. J-xz (f+gx) (a+cx?)Pdx whenag?+f>c=0

1: sz (F+rgx) (a+cx®)?dx whenag?+f2c=0 A p<-2

Derivation: Quadratic recurrence 2a

Rule1.2.1.3.8.2.5.1:If ag?+ f>c =0 A p < -2,then
JXZ ('F+gX) (a+cX2)pd]x_, X (ag_CfX) (a+cx2)p+1_ 1
2ac (p+1) 2ac (p+1)

Program code:

Int[Xx_"2x (f_+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=

XM 2% (a*g—c*f*x) * (a+CxX"2) A (p+1) / (2*axCx (p+1)) -

1/ (2%xaxcx (p+1)) *Int [X*Simp [2*a*g-c*f* (2%p+5) *x,x] * (A+CxX"2) A (p+1) ,x] /3
FreeQ[{a,c,f,g},x] & EqQ[axg"2+f~2xc,0] && LtQ[p,-2]

Jx (2ag-cf (2p+5) x) (a+cx2)p+1dlx

15



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J-xz (F+gx) (a+cx?)Pdx whenag?+f>c=0

Derivation: Algebraic expansion

BaSiS: XZ ('F+gx) - (f+gx) (a+cx?) _a(f+gx)

C C

Rule 1.2.1.3.8.2.5.2: If a g? + f? ¢ = 9, then

sz (Frgx) (a+cx®)?Pax — lJ‘(-F+gx) (a+cx2)p+1dx—ij(f+gx) (a+cx?)Pax
c c

Program code:

Int[x_"2x (f_+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=
1/c+Int[ (Frgsx)* (a+cxx”2) " (p+1) ,x]| - a/cxInt[(f+g*x) (a+cxx*2)p,x]| /;
FreeQ[{a,c,f,g,p},x]| && EqQ[axg 2+f 2xc,0]

2 ~J-(d+ex)'“(1’+gx) (a+bx+cx?*)?dx whenb*-4ac#0@ A cf2-bfg+ag’=0 Apez

Derivation: Algebraic simplification

Basis:If cf2-bfg+ag?=0,thena+bx+cx?= (f+gx) <%+C?X>

Rule1.2.1.3.8.1.2:If b>-4ac+0 A cf’-bfg+ag?=0 A pezthen

j(d”"")m (frex) (a+bx+cx?)Pax — j(d+eX)m (f+gx)P (%+3)pd1x
g

Program code:

Int [ (d_+e_.*x_)"m_x* ('F_. +g_.*x_) *(a_.+b_.*x_+c_.*x_"2)"p_. ,x_Symbol] &=
Int [ (d+exx) *mx (f+gsx)~ (p+1) * (a/F+c/gxx)p,x] /;
FreeQ[{a,b,c,d,e,f,g,m},x]| & NeQ[b*2-4xaxc,0] && EqQ[cxf 2-bxfxg+axg"2,0] & IntegerQ[p]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_+e_.xx_) m_ (f_.+g_.*X_)*(a_.+C_.#x_"2)"p_.,x_Symbol] :=
Int [ (d+exx) *mx (f+gxx)~ (p+1) * (a/F+c/gxx)p,x] /;
FreeQ[{a,c,d,e,f,g,m},x] & EqQ[cxf~2+axg"2,0] && (IntegerQ[p] || GtQ[a,0] && GtQ[f,0] && EqQ[p,-1])

d+ m(f o+
Q:J( ex)" (f+gx)

" dx whenb?-4ac#0 A cd’-bde+ae?2#0 Amez
a+bx+cx

Derivation: Algebraic expansion

Rule1.2.1.3.9:If b>-4ac+0 A cd’>-bde+ae?+0 A me Z,then

(d+ex)" (f+gx)

,x] dx

J-(d+ex)'" (f+gx)

3 dx — JExpandIntegrand[
a+bx+cx

a+bx+cx?

Program code:

Int [ (d_.+e_.*x_) " m_= (‘F_.+g_.*x_)/(a_.+b_.*x_+c_.*x_"2) ,X_Symbol] 8=
Int [ExpandIntegrand[ (d+exx)"mx (f+gx) / (a+bsx+c*x*2),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[c*d"2-bxdxe+axe~2,0] & IntegerQ[m]

Int[(d_.+e_.#x_) m_s (f_.+g_.*x_)/(a_+c_.*x_"2),x_Symbol] :=

Int [ExpandIntegrand [ (d+ex)"mx (f+g«x)/(a+c*x2),x],x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe~2,0] & IntegerQ[m]

10. J(d+ex)'“(f+gx) (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 Am+2p+3=0

1: j(d+ex)'"(f+gx) (a+bx+cx?)Pdx whenb®-4ac#8 A cd’-bde+ae’#0 Am+2p+3=0 Ab(ef+dg)-2(cdf+aeg)=

Derivation: Quadratic recurrence 3b

Rule 1.2.1.3.10.1: If
b2-4ac+0 Acd’>-bde+ae’?+Q@ Am+2p+3=0Ap+-1Ab(ef+dg) -2 (cdf+aeg) ==0,then



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p 18

(ef-dg) (d+ex)™? (a+bx+cx2)p+1

diex)" (f+gx) (a+bx+cx?)Pdx — -
( )" (f+ex) ( )
2(p+1) (cd*>-bde+ae?)

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
—(e*f—d*g)*(d+e*x)A(m+1)*(a+b*x+c*xA2)A(p+1)/(2*(p+1)*(c*dAZ—b*d*e+a*eA2)) /3
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[b*2-4xaxc,0] && NeQ[cxd"2-bxd+e+axe”2,0] & EqQ[Simplify[m+2+p+3],0] && EqQ[bx (exf+d+g)-2x (cxdxf+axexg),

Int[(d_.+e_.*x_) "m_*(‘F_.+g_.*x_)*(a_+c_.*x_"2) "p_.,x_Symbol] =
—(e*f-d*g)*(d+e*x)A(m+1)*(a+c*xA2)A(p+1)/(2*(p+1)*(c*dA2+a*eA2)) /5
FreeQ[{a,c,d,e,f,g,m,p},x| && NeQ[cxd"2+axe~2,0] 8&& EqQ[Simplify[m+2xp+3],0] && EqQ[cxdxf+axexg,0]

2: J(d+ex)’“(f+gx) (a+bx+cx®)Pdx whenb®-4ac#0 A cd’-bde+ae’#@ Am+2p+3=0 A p<-1

Derivation: Quadratic recurrence 2a

Rule1.2.1.3.10.2:1f b2-4ac+0 A cd’>-bde+ae?+0@ Am+2p+3=0 A p< -1,then

J(d+ex)’" (F+gx) (a+bx+cx?)Pdx —

(d+ex)’"(a+bx+cx2)"’+1 (bf-2ag+ (2cf-bg)x) m(b(ef+dg)-2(cdf+aeg
+

)) J‘(d+ex)’“‘1 (a+bx+cx2)p*1d1x
(p+1) (b*-4ac) (p+1) (b2-4ac)

Program code:

Int[(d_.+e_.#x_) M_x (f_.+g_.*X_)* (a_.+b_.*X_+C_.*Xx_"2) p_,x_Symbol] :=
(d+exXx) *m* (a+bxx+C%xx"2) ~ (p+1) » (b*'F-Z*a*g+ (2*c*f-b*g) *x)/( (p+1) » (b”"2-4xaxc)) -
m*(b*(e*f+d*g)—2*(C*d*f+a*e*g))/((p+1)*(bA2—4*a*c))*Int[(d+e*x)A(m—1)*(a+b*x+c*xA2)A(p+1),x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && EqQ[Simplify[m+2+p+3],0] & LtQ[p,-1]

Int[(d_.+e_.#x_)™m_x (f_.+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=

(d+exXx) *mx (a+C*xX"2) ~ (p+1) * (a*g—c*f*x)/(z*a*c* (p+1)) -

m# (cxdxfraxexg) /(2xaxcx (p+1)) »Int [ (d+exx) A (M-1) * (a+Cc*x*2) A (p+1) ,X] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe~2,0] & EqQ[Simplify[m+2x+p+3],0] & LtQ[p,-1]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

3: J(d+ex)'“(f+gx) (a+bx+cx*)Pdx whenb?-4ac#0 A cd’-bde+ae’#0 Am+2p+3=0 Apt-1

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.10.3:1f b2-4ac+0 A cd’>-bde+ae?+0 Am+2p+3 =0 A p £ -1,then

J(d+ex)"‘ (f+gx) (a+bx+cx2)pd1x —

+ +1
_(ef—dg) (d+ex)™! (a+bx+cx?)P i b(ef+dg)-2(cdf+aeg) J(d+ex)’“+1 (a+bx+cx)?ax
2(p+1) (cd*-bde+ae?) 2 (cd’-bde+ae?)

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.*X_)*(a_.+b_.#X_+C_.*X_"2)"p_.,x_Symbol] :=

- (e*f—d*g) * (d+exx) N (m+1) » (a+bxx+c*x”2) * (p+1) / (2% (p+1) * (cxd*2-bxdxe+axe”2)) -

(bx (exf+dxg) -2« (cxdsfraxrexg)) /(2 (cxd"2-bxdxe+axer2)) +Int[ (d+exx)” (M+1) » (a+bxx+C*Xx"2) "p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[b*2-4xaxc,0] && NeQ[cxd"2-bxd+e+axe"2,0] && EqQ[Simplify[m+2+p+3],0]

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*X_"2)"p_.,x_Symbol] :=
- (e*f—d*g) * (d+exx) ~ (m+1) » (a+C*x"2) * (p+1) / (2% (p+1) » (cxd*2+axe”2)) +
(c*d*f+a*e*g)/(c*d"2+a*e"2) *Int[ (d+exx)~ (m+1) x (a+Cc*x"2)*p,x] /;
FreeQ[{a,c,d,e,f,g,m,p},x]| & NeQ[cxd"2+axe"2,0] && EqQ[Simplify[m+2+p+3],0]

19



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

11: j(ex)"‘ (f+gx) (a+cx2)pdlx whenm¢Q A p¢z*

Derivation: Algebraic expansion
Rule1.2.1.3.11:1f m¢ Q A p ¢ Z*, then

J(ex)m (F+rgx) (a+cx®)?Pdx — -FJ(ex)"‘ (a+cx®)Pdx+ gJ‘(ex)m+1 (a+cx?)Pdx
e

Program code:

Int[ (e_.*x_)"m_ (f_+g_.*X_)*(a_+c_.*x_"2) p_,x_Symbol] :=
fxInt[ (exXx)*mx (a+C*X"2)*p,Xx] + g/exInt[ (exx)” (m+l) % (a+C*x*2) " p,x] /;
FreeQ[{a,c,e,f,g,p},x] && Not[RationalQ[m]]| && Not[IGtQ[p,0]]

12: j(d+ex)“‘(f+gx) (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 Am=p Abd+ae=0 Acd+be=0

Derivation: Piecewise constant extraction

d+e x)P (a+b X+C X2>p

Basis:lfbd+ae::@Acd+be::@,thenax( =0

(ad+c ex3)p

Rule1.2.1.3.12:1f m==p Abd+ae==0 A cd+be-=0,then

(d +ex) FracPart[p] (a +bx+c XZ) FracPart[p]

j(d+ex)'" (F+gx) (a+bx+cx?)Pdx — (f+gx) (ad+cex®)?ax

FracPart
(ad+cex3) racpart(pl

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_)* (a_+b_.#x_+c_.*x_"2)"p_,x_Symbol] :=
(d+exx) “FracPart [p]  (a+bxx+c*x"2) "FracPart [p] / (axd+cxexx"3) ~"FracPart [p] »Int[ (f+g«X) * (axd+cxexx"3) *p,x| /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[m,p] && EqQ[bxd+axe,0] && EqQ[cxd+bxe,0]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

13. J(d+ex)m(f+gx) (a+bx+cx?)?dx whenb?-4ac#@ A cd’-bde+ae’#0 A p>0

1: J(d+ex)m(f+gx) (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 A p>0 A m<-2

Derivation: 77?7
Rule1.2.1.3.13.1:If b?>-4ac+0@ A cd’-bde+ae?#0 A p>0 A m< -2, then

J(d+ex)’" (f+gx) (a+bx+cx?)Pdx —

(d+ex)™! (a+bx+cx?)P

e’ (m+1) (m+2) (cd’*-bde+ae?) '
((dg-ef (m+2)) (cd®>-bde+ae’) -dp (2cd-be) (ef-dg)-e(g(m+1) (cd’-bde+ae?) +p(2cd-be) (ef-dg))x) -

p

e?(m+1) (m+2) (cd>-bde+ae?

) j(d+ex)’"+2 (a+bx+cx2)p'1-

(2ace (ef-dg) (m+2) +b’e (dg (p+1) -ef (m+p+2)) +b (ae’g(m+1) -cd (dg (2p+1) -ef (Mm+2p+2))) -
c(2cd(dg(2p+1) -ef (m+2p+2)) -e (2aeg(m+1) -b (dg (m-2p) +ef (m+2p+2)))) x) dx

Program code:

Int[(d_.+e_.*x_)Am_*(f_.+g_.*x_)*(a_.+b_.*x_+c_.*x_A2)Ap_.,x_Symbol] 8=
- (d+exx)* (m+1) * (a+bxXx+cxx"2) *p/ (€72% (m+1) * (Mm+2) * (Cxd*2-bxdxe+axe”2))
((d*g—e*f*(m+2))*(C*dAZ—b*d*e+a*eA2)—d*p*(2*c*d—b*e)*(e*f—d*g)—e*(g*(m+1)*(C*dAZ—b*d*e+a*eA2)+p*(2*c*d—b*e)*(e*f—d*g))*x) -
p/(eAZ*(m+1)*(m+2)*(c*dAZ—b*d*e+a*eA2))*Int[(d+e*x)A(m+2)*(a+b*x+c*xA2)A(p—1)*
Simp[z*a*c*e*(e*f—d*g)*(m+2)+bA2*e*(d*g*(p+1)—e*f*(m+p+2))+b*(a*eA2*g*(m+1)—c*d*(d*g*(2*p+1)—e*f*(m+2*p+2)))—
C*(Z*C*d*(d*g*(2*p+1)—e*f*(m+2*p+2))—e*(Z*a*e*g*(m+1)—b*(d*g*(m—2*p)+e*f*(m+2*p+2))))*x,x],x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,8] & NeQ[c+d"2-bxdse+axe"2,0] &&
GtQ[p,0] && LtQ[m,-2] & LtQ[m+2%p,0] && Not [ILtQ[m+2%p+3,0]]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*x_"2)"p_.,x_Symbol] :=
- (d+exx)~ (m+1) * (a+C*X*2) *p/ (€”2* (m+1) * (m+2) * (cxd*2+a*xe”2) ) »
( (d*g-e*f* (m+2) ) * (Cxd*2+axe”2) -2xCcxd 2xpx (e*f-d*g) -ex (g* (m+1) * (cxd*2+a%xe”2) +2xCxdxp* (e*f-d*g) ) *x) -
p/ (€”2% (m+1) x (m+2) » (cxd*2+axe”2) ) xInt [ (d+exx) ™ (m+2) * (a+C*x*2) ~ (p-1) *
Simp [z*a*c*e* (e*f—d*g) * (M+2) -C* (Z*C*d* (d*g* (2xp+1) —exf* (M+2xp+2) ) -2xaxe”2xg*x (m+1) ) *X,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd"2+axe*2,0] &&
GtQ[p,0] &% LtQ[m,-2] &% LtQ[m+2xp,0] && Not[ILtQ[m+2xp+3,0]]

2: f(d+ex)’“(f+gx) (a+bx+cx?)Pdx whenb®-4ac#8 A cd’-bde+ae’#0 Ap>@ Am<-1 Am+2p+1¢Z"

Derivation: Quadratic recurrence 1a

Rule1.2.1.3.13.2:If b?>-4ac+0 A cd’>-bde+ae?+@ Ap>0 Am<-1 Am+2p+1¢z,then

J(d+ex)"‘ ('F+gx) (a+bx+cx2)pd1x —

(d+ex)™! (fe (m+2p+2) -gd (2p+1) +eg (m+1) x) (a+bx+cx?)P

+
e2(m+1) (m+2p+2)
P J\(d+ex)"‘+1 (a+bx+cx2)p'1-
e2(m+1) (M+2p+2)

(g(bd+2ae+2aem+2bdp) -fbe (m+2p+2) + (g(2cd+be+bem+dcdp) -2cef (m+2p+2)) x) dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.*X_)*(a_.+b_.#X_+C_.*X_"2)"p_.,x_Symbol] :=
(d+e*xx)~ (m+1) % (e*-F* (m+2%p+2) -d*xg* (2%p+1) +exg* (m+1) *x) * (Q+bxX+C*Xx"2) *p/ (€72% (M+1) * (M+2xp+2) ) +
p/ (e”2% (m+1) x (m+2%p+2) ) xInt [ (d+exx) A (m+1) * (a+bxx+c*x"2) " (p-1) »
Simp [g* (bxd+2xaxe+2xaxexm+2xbxdxp) -fxbxex (M+2xp+2) + (g* (2xcxd+bxe+bxexm+4xcxdxp) -2xCcxexfx (M+2xp+2) ) *X,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g,m},x] & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe”2,0] & RationalQ[p] & p>0 &&
(LtQ[m,-1] || EqQ[p,1] || IntegerQ[p] & Not[RationalQ[m]]) && NeQ[m,-1] && Not[ILtQ[m+2xp+1,0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*x_"2)"p_.,x_Symbol] :=
(d+exx) ™ (m+1) * (e*-F* (m+2%xp+2) -d*xg* (2%p+1) +exg* (m+1) *x) * (Q+C*¥X"2) *p/ (€72% (M+1) » (M+2xp+2) ) +
p/ (€”2% (m+1) * (m+2xp+2) ) »Int [ (d+exx) ~ (m+1) * (a+Cc*x"2) " (p-1)
Simp[g*(z*a*e+2*a*e*m)+(g*(2*c*d+4*c*d*p)—2*c*e*f*(m+2*p+2))*x,x],x] /5
FreeQ[{a,c,d,e,f,g,m},x] & NeQ[cxd"2+axe"2,0] & RationalQ[p] && p>@ &&
(LtQ[m,-1] || EqQ[p,1] || IntegerQ[p] & Not[RationalQ[m]]) && NeQ[m,-1] && Not[ILtQ[m+2xp+1,0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])

3: J(d+ex)"‘(f+gx) (a+bx+cx*)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 Ap>@ A -1smM<@ AMm+2p¢z"

Derivation: Quadratic recurrence 1b

Rule1.2.1.3.13.3:1f b2-4ac+0 A cd’>-bde+ae?+Q@ Ap>0 A -1<m<@ Am+2p¢7Z,then

J(d+ex)’" (F+gx) (a+bx+cx?)Pdx —
(((d+ex)™! (cef (m+2p+2) -g(cd+2cdp-bep) +gce (m+2p+1) x) (a+bx+cx?)?)/(ce® (m+2p+1) (m+2p+2))) -

P J(d+ex)’"(a+bx+cx2)"'l-
ce? m+2p+1) (m+2p+2)
(ce-F(bd—Zae) (m+2p+2)+g (ae(be-2cdm+bem) +bd (bep-cd-2cdp)) +

(cef(2cd-be) (m+2p+2) +g (b*e® (p+m+1) -2c*d®> (1+2p) -ce (bd (m-2p) +2ae (m+2p+1)))) x) dx

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
(d+exx) ™ (m+1) % (c*e*-F* (M+2xp+2) -g* (Cxd+2xCxdxp-bxexp) +gxCxex (M+2xp+1) *X) * (a+bxX+Ccxx"2) *p/
(cxe”2x (M+2%p+1) * (M+2xp+2)) -
p/ (c*e”2% (m+2xp+1) * (m+2xp+2) ) *Int [ (d+e*x) “mx (a+b*x+cxx"2) * (p-1) *
Simp [c*e*f* (bxd-2xaxe) * (Mm+2xp+2) +g* (axe* (bxe-2xcxdxm+bxexm) +bxd* (bxexp-cxd-2xcxdxp) ) +
(C*e*'F* (2xcxd-bxe) * (M+2xp+2) +g* (br2xe"2% (p+m+1) -2%C2xd 2% (1+2%p) —Cxex (b*xd*x (M-2xp) +2*a*e* (M+2xp+1))) ) *X,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,m},x] & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe*2,0] &&
GtQ[p,0] && (IntegerQ[p] || Not[RationalQ[m]] || GeQ[m,-1] & LtQ[m,0]) && Not[ILtQ[m+2+p,0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*x_"2)"p_.,x_Symbol] :=
(d+exx) ™ (m+1) * (c*e*-F* (M+2%p+2) —gxC*xdx (2xp+1) +gxCxe* (M+2xp+1) *x) * (a+C*Xx"2) *p/
(cxe”2%x (M+2%xp+1) * (M+2xp+2)) +
2xp/ (Cxe”2% (M+2xp+1) * (M+2xp+2) ) »Int [ (d+exx) *m* (a+Cc*x"2) "~ (p-1) *
Simp [-F*a*c*e"z* (M+2xp+2) +a*Cxdxexgxm- (C"Z*'F*d*e* (M+2xp+2) -g* (C*2%xd"2% (2xp+1) +axC*xe”2x (M+2xp+1) ) ) *X,X] ,X] /5
FreeQ[{a,c,d,e,f,g,m},x] & NeQ[cxd"2+axe"2,0] &&
GtQ[p,0] && (IntegerQ[p] || Not[RationalQ[m]] || GeQ[m,-1] & LtQ[m,0]) && Not[ILtQ[m+2+p,0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])

14. J(d+ex)"‘(f+gx) (a+bx+cx?)Pdx whenb*-4ac#0 A cd’-bde+ae’#0 A p<-1
1. j(d+ex)’“(f+gx) (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#8 Ap<-1Am>1

1: j(d+ex)’"(f+gx) (a+bx+cx?)?dx whenb®-4ac#0 A cd’-bde+ae’#0 Ap<-1 Amez*

Derivation: Algebraic expansion

Rule1.2.1.3.14.1.1:1f b>-4ac+0 A cd’-bde+ae?+0@ Ap<-1 Amez*,then

J(d+ex)m ('F+gx) (a+bx+cx2)pd1x —

J(a +bx+cx?)?ExpandIntegrand[ (d + ex)" (f+gx), x] dx

Program code:

Int[(d_+e_.xx_) " m_ (f_+g_.*X_)*(a_.+b_.*X_+C_.*#X_"2)"p_,x_Symbol] :=
Int[ (a+bxx+c#x"2) *pxExpandIntegrand[ (d+exx) *m« (f+g*x),x],x]| /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[cxd"2-bxdxe+axe~2,0] && ILtQ[p,-1] & IGtQ[m,0] & RationalQ[a,b,c,d,e,f,g]

Int[(d_+e_.xx_) " m_s (f_+g_.*X_)*(a_+C_.*x_"2) p_,x_Symbol] :=
Int[ (a+c*x~2)~pxExpandIntegrand| (d+exx) "mx (f+g+x),x],x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe”2,0] && ILtQ[p,-1] & IGtQ[m,@] & RationalQ[a,c,d,e,f,g]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p 25

2: J(d+ex)"‘(f+gx) (a+bx+cx?)?dx whenb>-4ac#0 A cd’-bde+ae’#8 A p<-1Am>1

Derivation: 7??

Note: Although powerful, this rule results in more complicated coefficients unlessb == @ A d == @ or the parameters are
all numeric.

Rule1.2.1.3.14.1.2:1f b>-4ac+0 A cd’-bde+ae?+0 A p< -1 Am>1,then
J(d+ex)'"(-F+gx) (a+bx+cx*)?dx —
-(((d+ex)™ (a+bx+cx2)p+1 (2ac (ef+dg)-b(cdf+aeg) - (2c’df+b’eg-c (bef+bdg+2aeg))x))/(c(p+1) (b*-4ac))) -

1
J‘(d+ex)'"“2 (a+bx+cx2)p+1-

c(p+1) (b*-4ac)
2c?d®’f (2p+3) +beg(ae(m-1) +bd (p+2)) -c (2ae(ef (m-1) +dgm) +bd (dg (2p+3) -ef (m-2p-4))) +
( p g p g g(p p
e(b’eg(m+p+1) +2c*df (m+2p+2) -c(2aegm+b (ef+dg) (m+2p+2))) x) dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*Xx_"2)"p_.,x_Symbol] :=
- (d+exx)~ (m-1) * (a+bxXx+cxx"2) ~ (p+1) * (Z*a*c* (e*f+d*g) -bx (c*d*‘F+a*e*g) - (2*c"2*d*f+b"2*e*g—c* (b*e*f+b*d*g+2*a*e*g) ) *x)/
(c* (p+1) » (b"2-4xaxc)) -
1/(c*(p+1)*(bA2—4*a*c))*Int[(d+e*x)A(m—2)*(a+b*x+c*xA2)A(p+1)*
Simp [Z*C"Z*d"Z*f* (2xp+3) +bxexgx (axex (m-1) +bxd* (p+2) ) -c* (Z*a*e* (e*f* (m-1) +d*g*m) +bxd* (d*g* (2%p+3) —exf* (M-2xp-4) ) ) +
ex (b"Z*e*g* (M+p+1) +2*%Cc 2xdxf*x (M+2xp+2) -C* (Z*a*e*g*m+b* (e*f+d*g) * (M+2xp+2) ) ) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[cxd"2-bxdxe+axe~2,0] && LtQ[p,-1] && GtQ[m,1] &
(EqQ[m,2] 8&& EqQ[p,-3] && RationalQ[a,b,c,d,e,f,g] || Not[ILtQ[m+2xp+3,0]])

Int[(d_.+e_.#x_) m_x (f_.+g_.*X_)*(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
(d+exx) ™ (m-1) * (a+Cx*x*2) ~ (p+1) * (a* (e*f+d*g) - (c*d*f—a*e*g) *x)/(Z*a*C* (p+1)) -
1/ (2%axcx (p+1)) *Int [ (d+exx)~ (m-2) * (a+C*X"2) ~ (p+1) *
Simp [a*e* (e*f* (m-1) +d*g*m) -C*d"2xfx (24p+3) +ex (a*E*g*m—C*d*f* (m+2xp+2) ) *x,x] ,X] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd"2+axe"2,0] & LtQ[p,-1] && GtQ[m,1] &&
(EaQ[d,@] || EqQ[m,2] & EqQ[p,-3] & RationalQ[a,c,d,e,f,g]| || Not[ILtQ[m+2xp+3,0]])



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

2: J(d+ex)"‘(f+gx) (a+bx+cx*)?dx whenb?’-4ac#0 A cd’-bde+ae’#8 A p<-1Am>0

Derivation: Quadratic recurrence 2a

Rule1.2.1.3.14.2:1f b2-4ac+0 A cd’>-bde+ae?+0 A p<-1 A m>0,then

J(d+ex)"‘ (f+gx) (a+bx+cx2)"dlx —

(d+ex)’"(a+bx+cx2)'°+1 (fb-2ag+ (2cf-bg) x)

+

(p+1) (b*-4ac)
1

J.(d+ex)'“‘1 (a+bx+cx2)p+1-
(p+1) (b*-4ac)

(g (2aem+bd (2p+3)) -f (bem+2cd (2p+3)) -e (2cf-bg) (m+2p+3) x) dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
(d+exx) *m* (a+bxx+Cc*x"2) " (p+1) * (f*b—Z*a*g+ (2*C*f—b*g) *X)/( (p+1) = (b”2-4xaxc)) +
1/ ((p+1) * (b*2-4xaxc)) xInt [ (d+exx)~ (m-1) * (a+bxXx+Cc*x"2) ~ (p+1) *
Simp [g* (2%axexm+bxdx (2xp+3) ) -f* (bxexm+2xcxd* (2xp+3) ) -ex (Z*C*'F-b*g) * (M+2xp+3) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[cxd"2-bxdxe+axe~2,0] && LtQ[p,-1] && GtQ[m,0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_)*(a_+C_.*x_"2)"p_,Xx_Symbol] :=

(d+exx) Am# (a+C*Xx 2) A (p+1) » (axg-cxfxx) /(2xaxcx (p+1)) -

1/ (2xaxc* (p+1)) *Int [ (d+exx)~ (m-1) * (a+Cc*x*2) ~ (p+1) *Simp [a*e*g*m—c*d*f* (2xp+3) —cxexfx (Mm+2xp+3) *X,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x] 8& NeQ[cxd"2+axe*2,0] & LtQ[p,-1] && GtQ[m,0] &&

(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp])
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p 27

3: J(d+ex)"‘(f+gx) (a+bx+cx*)Pdx whenb?-4ac#@ A cd’-bde+ae’#0 A p<-1

Derivation: Quadratic recurrence 2b

Rule1.2.1.3.14.3:1f b2-4ac+0 A cd’>-bde+ae®?+0 A p < -1,then

J(d+ex)"‘ (f+gx) (a+bx+cx2)"dlx —
(((d+ex)™* (f (bcd-b*e+2ace) -ag(2cd-be) +c (f(2cd-be) -g (bd-2ae)) x) (a+bx+cx2)”+1)/((p+1) (b>-4ac) (cd’-bde+ae?))) +

1
J(d+ex)’" (a+bx+cx2)"+1-

(p+1) (b*-4ac) (cd®>-bde+ae?)
(f(bcde (2p-m+2) +b*e? (p+m+2) -2c*d? (2p+3) -2ace’ (m+2p+3)) -g(ae(be-2cdm+bem) -bd (3cd-be+2cdp-bep)) +
ce(g(bd-2ae)-f(2cd-be)) (m+2p+4) x) dx

Program code:

Int[(d_.+e_.*x_ ) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
(d+e*x)A(m+1)*(f*(b*c*d—bAz*e+2*a*c*e)—a*g*(2*c*d-b*e)+c*(f*(z*c*d—b*e)—g*(b*d—z*a*e))*x)*(a+b*x+c*xA2)A(p+1)/
((p+1) * (b*2-4xaxc) x (cxd*2-bxdxe+axe”2)) +
1/((p+1)*(bA2—4*a*c)*(c*dAZ—b*d*e+a*eA2))*Int[(d+e*x)Am*(a+b*x+c*xA2)A(p+1)*
Simp[f*(b*c*d*e*(2*p—m+2)+bA2*eA2*(p+m+2)—2*cA2*dA2*(2*p+3)—z*a*c*eAZ*(m+2*p+3))—
g* (axex (bxe-2xcxdxm+bxexm) -bxd* (3xcxd-bxe+2xcxdxp-bxexp)) +
C*e*(g*(b*d—z*a*e)—f*(z*c*d—b*e))*(m+2*p+4)*x,x],x] /5
FreeQ[{a,b,c,d,e,f,g,m},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"2-bxdxe+axe”2,0] & LtQ[p,-1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm,2xp]’

Int[(d_.+e_.#x_) m_x (f_.+g_.*X_)*(a_+C_.*x_"2)"p_,x_Symbol] :=
- (d+exx) " (m+1) * (-F*a*c*e—a*g*c*d+c* (c*d*f+a*e*g) *x) * (Q+C*¥Xx™2) A (p+1) / (2*axc* (p+1) * (cxd*2+axe”2)) +
1/(2*a*c*(p+1)*(c*dA2+a*eA2))*Int[(d+e*x)Am*(a+C*xA2)A(p+1)*
Simp ['F* (c"2%xd™2% (2xp+3) +axCx€ 2% (M+2xp+3) ) —axCxd*xe*gxM+Cxe* (C*d*f+a*e*g) * (M+2xp+4) *X,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd"2+axe”2,0] & LtQ[p,-1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2m,2xp])

dx whenb?-4ac#0 A cd’-bde+ae?#0 Am¢zZ

drex)™ (f
. J~( +ex)" (f+gx)

a+bx+cx?



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

dx whenb?-4ac#0 A cd’-bde+ae?#0 A meQ

; J-(d+ex)“1 (f+gx)

a+bx+cx?

dx whenb?-4ac#0 A cd’-bde+ae?#0 Am¢Z Am>0

] J-(d+ex)’“(f+gx)

a+bx+cx?

Derivation: Quadratic recurrence 3awithp = -1

Rule1.2.1.3.15.1.1:1f b?>-4ac+0 A cd’-bde+ae?+0 Am¢Z A m> 0,then

-J.(d+ex)’“(f+gx) x g (d+ex)m ;|_J-(d+ex)""1 (cdf-aeg+ (gcd-beg+cef)x) ix
— + —

a+bx+cx? cm c a+bx+cx?

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.*x_)/(a_.+b_.#x_+C_.*x_"2),x_Symbol] :=

g* (d+exx) *m/ (cxm) +

1/cxInt[ (d+exx)~(m-1) xSimp [cxdxf-axexg+ (gxcxd-brexg+cxexf) *x,x]/(a+b*x+c*x"2) x| /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] && FractionQ[m] && GtQ[m,0]

Int[(d_.+e_.#x_) m_x (f_.+g_.*x_)/(a_+c_.*x_"2),x_Symbol] :=

g+ (d+exx)~m/ (cxm) +

1/cxInt[ (d+exx) A (m-1) «Simp [cxdsf-axexg+ (grcxd+cxexf) xx,x]/(a+cxxr2) ,x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe”2,0] & FractionQ[m] & GtQ[m,O]

dx whenb?-4ac#0 A cd’-bde+ae?#0 Am¢Z Am<0

) J-(d+ex)’“(f+gx)

a+bx+cx?
f+gx

1:
J\\/d+ex (a+bx+cx?)

dx whenb?-4ac#0 A cd’-bde+ae?#0

Derivation: Integration by substitution

Basis: frgx -- 2 Subst ef-dgmgx® , X, Vd+ex } 9\ d+ex

Vd+ex (a+bx+c XZ) cd’-bde+ae?-(2cd-be) x>+cx*

Rule1.2.1.3.15.1.2.1:I1f b>-4ac+0 A cd’>-bde +ae? +0,then
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

f+gx

J\ld+ex (a+bx+cx?)

ef-d x2
d]x—>25ubst[j £+ dx, x,Vd+ex]

cd’-bde+ae?-(2cd-be) x?+cx*

Program code:

Int[(f_.+g_.*x_)/(Sqrt[d_.+e_.*x_]*(a_.+b_.*X_+c_.*x_"2)),x_Symbol] :=
2xSubst [Int[ (exf-dxg+gsx~2) /(cxd"2-bxdxe+axe 2 (2xCcxd-bxe) X 2+Cxx 4) sX],X,Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,8] & NeQ[c+d"2-bxdxe+axe"2,0]

Int[(f_.+g_.*x_)/(Sqrt[d_.+e_.*x_](a_+c_.*x_"2)),x_Symbol] :=

2+Subst [Int[ (exf-dxg+g*x"2) /(cxd 2+axer2-2xcxdxx 2+c*x"4) ,X],X,Sqrt [d+exx]] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe”2,0]

dx whenb?-4ac#0 A cd’-bde+ae?#0 Am¢Z A m<-1

. J(d+ex)m (F+gx)

a+bx+cx?

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.15.1.2.2:1f b>-4ac+@ A cd’-bde+ae?+@ Ame¢Z A m< -1,then

dx — +

J-(d+ex)“‘(1‘=+gx) (ef-dg) (d+ex)™? 1 J~(d+ex)m*1(cdf—fbe+aeg—c(ef—dg)x)

a+bx+cx? (m+1) (cd®>-bde+ae?) cd’-bde+ae’ a+bx+cx?

Program code:

Int [ (d_.+e_.*x_)"m_= (‘F_.+g_.*x_)/(a_.+b_.*x_+c_.*x_"2) ,x_Symbol] 9=

(exf-dxg) x (d+exx) A (m+l) / ((m+1) * (Cxd"2-bxdxe+axer2)) +

1/ (cxd"2-bxdxe+axe~2) xInt [ (d+exx) ~ (m+1) xSimp[cxdxf-Fxbxe+axexg-cx (exf-dxg) *x,x]| /(a+bxx+cxx2) ,x] /;
FreeQ[{a,b,c,d,e,f,g,m},x]| & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxd+e+axe~2,0] & FractionQ[m] & LtQ[m,-1]

Int[(d_.+e_.#x_) m_x (f_.+g_.*x_)/(a_+c_.*x_"2),x_Symbol] :=

(e*f—d*g) * (d+exx) A (m+1) / ( (m+1) » (cxd*2+axe”2)) +

1/ (cxd"2+axer2) +Int [ (d+exx) A (m+1) +Simp[crdsfraxexg-cx (exf-dxg) +x,x]|/(a+cxx"2),x] /;
FreeQ[{a,c,d,e,f,g,m},x] & NeQ[cxd"2+axe”2,0] & FractionQ[m] & LtQ[m,-1]

dx
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

dx whenb?-4ac#0 A cd’-bde+ae?#0 Am¢Q

) J-(d+ex)'“ (f+gx)

a+bx+cx?

Derivation: Algebraic expansion

Rule1.2.1.3.15.2:1f b>-4ac+0 A cd’>-bde+ae?+0 A mg¢Z,then

f+gx

J-(d+ex)"‘ (f+gx)

) ) dx — ~J‘(d +ex)" ExpandIntegr‘and[
a+bx+cx

Program code:

Int[(d_.+e_.#x_ ) m_s (f_.+g_.*x_)/(a_.+b_.#x_+C_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand[ (d+exx)~m, (f+gxx)/(a+bxx+cxx2),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4xaxc,8] & NeQ[c+d"2-bxdxe+axe"2,0] && Not[RationalQ[m] ]

Int[(d_.+e_.#x_) m_x (f_.+g_.*x_)/(a_+c_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand[ (d+exx)~m, (f+g+x)/(a+cxx*2),x],x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe”2,0] & Not[RationalQ[m] ]

a+bx+cx?

,x] dx
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

16: J(d+ex)"‘(f+gx) (a+bx+cx?*)?dx whenb?-4ac#@ A cd’-bde+ae’#0 Am>8 Am+2p+2#0

Derivation: Quadratic recurrence 3a

Note: The special case rule form = 1 and p = -1 eliminates the constant term gcﬂ from the result.

Rule1.2.1.3.16:1f b>-4ac+0 A cd’>-bde+ae?+#0 Am>0 Am+2p+2+0,then

J(d+ex)"‘ (F+gx) (a+bx+cx?)Pdx —

g(d+ex)™ (a+bx+cx2)p+1

+ j(d+ex)m‘1(a+bx+cxz)p-
c(m+2p+2) c(m+2p+2)

(m(cdf-aeg)+d(2cf-bg) (p+1) + (m(cef+cdg-beg)+e(p+1) (2cf-bg)) x) dx

Program code:

Int [ (d_.+e_.*x_)" m_= ('F_. +g . *x_) *(a_.+b_.*x_+c_.*x_"2)"p_. ,x_Symbol] 8=
gx (d+exX) *mx (a+bxX+c*x”2) * (p+1) / (C* (M+2xp+2)) +
1/ (c* (m+2xp+2) ) *Int [ (d+exx)~ (m-1) * (a+b*xX+C*Xx"2) *p*
Simp [m* (c*d*f—a*e*g) +d* (2*c*f—b*g) * (p+1) + (m* (C*e*f+c*d*g—b*e*g) +ex (p+1) » (Z*C*'F—b*g) ) *X,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g,p},x| & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe”2,0] & GtQ[m,0] && NeQ[m+2xp+2,0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2m,2+p]) & Not[IGtQ[m,0] & EqQ[f,0]]

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*#x_"2)"p_.,x_Symbol] :=
gx (d+exX) *mx (a+Cc*x"2) ~* (p+1) / (Cx (M+2xp+2)) +
1/ (cx (m+2%xp+2) ) *Int [ (d+exx)~ (m-1) * (a+C*X"2) *p*
Simp [c*d*f* (M+2%p+2) —a*e*gxkM+C* (e*-F* (M+2xp+2) +d*g*m) *x,x] ,x] /3
FreeQ[{a,c,d,e,f,g,p},x] & NeQ[cxd"2+axe"2,0] && GtQ[m,0] && NeQ[m+2xp+2,0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2m,2xp]) & Not[IGtQ[m,0] & EqQ[f,0]]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p 32

17: f(d+ex)"'(f+gx) (a+bx+cx®)Pdx whenb®*-4ac#0 A cd’-bde+ae’#0 Am<-1

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.17:1f b>-4ac+0© A cd*-bde+ae?+0 A m< -1, then

J(d+ex)"‘ (f+gx) (a+bx+cx2)"d1x —

(ef-dg) (d+ex)™? (a+bx+cx2)ID+1

+
(m+1) (cd’-bde+ae?)

1

J\(d+ex)"‘+1 (a+bx+cx2)p ((cdf-fbe+aeg) (m+1) +b (dg-ef) (p+1) -c (ef-dg) (m+2p+3) x) dx
(m+1) (cd*-bde+ae?)

Program code:

Int [ (d_.+e_.*x_)"m_x* (‘F_. +8_. *x_) *(a_.+b_.*xx_+c_.xx_"2)"p_. ,x_Symbol] 5=
(e*f—d*g) * (d+exx)~ (m+1) * (a+bxx+c*x”2) ~ (p+1) / ((m+1) » (c*d*2-bxdxe+axe”2)) +
1/ ((m+1) *x (cxd*2-bxdxe+axe”2)) *Int[ (d+exx) ™ (m+1) * (a+bxX+Cc*xXx"2) *p*
Simp[ (c*d*f—f*b*e+a*e*g) * (M+1) +bx (d*g-e*f) * (p+1) -C* (e*f-d*g) * (M+2xp+3) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxd+e+axe”2,0] & LtQ[m,-1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2m,2xp]

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*#x_"2)"p_.,x_Symbol] :=

(e*f—d*g) * (d+exXx) A (m+1) * (a+C*x”2) A (p+1) / ((m+1) x (cxd*2+axe”2)) +

1/ ((m+1) * (cxd*2+axe”2)) *Int[ (d+exx) (m+1) * (a+C*X"2) "p*Simp[ (c*d*f+a*e*g) * (M+1) —-C* (e*f—d*g) * (M+2xp+3) *X,x] ,x] /3
FreeQ[{a,c,d,e,f,g,p},x] & NeQ[cxd"2+axe"2,0] & LtQ[m,-1] & (IntegerQ[m] || IntegerQ[p] || IntegersQ[2m,2xp])

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
(e*f—d*g) * (d+exx) ~ (m+1) * (a+bxx+c*x”2) ~ (p+1) / ((m+1) » (c*d*2-bxdxe+axe”2)) +
1/ ((m+1) *» (cxd*2-bxdxe+axe”2)) *Int[ (d+exx) ™ (m+1) * (a+bxX+Cc*xXx"2) *p*
Simp[ (c*d*f—f*b*e+a*e*g) * (M+1) +bx (d*g-e*f) * (p+1) -Cx (e*f-d*g) * (M+2xp+3) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[b"2-4xaxc,0] && NeQ[cxd"2-bxd+e+axe”2,0] && ILtQ[Simplify[m+2+p+3],0] & NeQ[m,-1]



Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)*(a_+C_.*x_"2)"p_.,x_Symbol] :=

(e*f—d*g) * (d+exx) A (m+1) * (a+Cc*x”2) * (p+1) / ((m+1) * (cxd"2+axe”2)) +

1/ ((m+1) » (cxd*2+axer2) ) +Int [ (d+exx) " (M+1) # (a+Cxx"2) "pxSimp [ (cxdxf+axexg) * (M+1l) -Cx (exf-dxg) » (M+2xp+3) xXx,X] ,x] /3
FreeQ[{a,c,d,e,f,g,m,p},x] & NeQ[c+d"2+axe"2,0] && ILtQ[Simplify[m+2x+p+3],0] & NeQ[m,-1]

f X
18:J b dx when4c (a-d) - (b-e)2==0 A fe(b-e)-2g (bd-ae) =0 Abd-aez0

(d+ex) Ya+bx+cx?

Derivation: Integration by substitution

Basis:If 4c (a-d) - (b-e)2=0 A fe (b-e)-2g (bd-ae) = 0,then

f+gx __ 4f (a-d) Subst[ 1 X 2 (a-d)+(b-e) x] 3y 2 (a-d)+(b-e) x

" bd- 4 (a-dy-x2” 7’
(d+e x) \/ a+b x+c x? ae (a-d)-x \ a+b x+c x? 4 a+b x+c x?

Rule1.2.1.3.18:If 4c (a-d) - (b-e)2==0 A fe (b-e)-2g (bd-ae) =0 A bd-ae #0,then

4f (a-d) 2(a-d) + (b-e) x

f+gx 1
J dx — Subst[J\—2 dx, X,
(d+ex) Va+bx+cx? bd-ae 4 (a-d)-x Va+bx+cx?

Program code:

Int[(f_+g_.*x_)/((d_.+e_.*x_)*Sqrt[a_.+b_.*x_+c_.+x_"2]),x_Symbol] :=
4xfx (a-d) / (bxd-axe) xSubst[Int[1/ (4% (a-d) -x"2),x],X, (2% (a-d) + (b-e) *x) /Sqrt[a+bxx+c*x"2]] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[4+cx(a-d)-(b-e)"2,0] && EqQ[exfx (b-e)-2+gx (bxd-axe),0]| && NeQ[bxd-axe,0]
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

f+gx
19. j dx whenb?-4ac#0
Vex Va+bx+cx?
f+gx
1:[ dx whenb?-4ac+0
Vx Va+bx+cx?

Derivation: Integration by substitution
Basis: x"F[x] = 2 Subst[x2™* F[x?], x, \/;] 3V x

Rule 1.2.1.3.19.1: If b> -4 a c # 0, then

f+gx f+gx?
J & dx — ZSubst[J—g dx, X, ‘\/x]
VYx Va+bx+cx? Va+bx?+cx?

Program code:

Int [ (-F_+g_.*x_)/(Sqr't [X_]*Sqrt[a_+b_.xx_+c_.*x_"2]) ,x_Symbol] 1=
2xSubst [Int[ (f+g+x"2) /Sqrt[a+bxx"2+cxx"4],x],x,Sqrt[x]] /;
Fr‘eeQ[{a,b,c,-F,g},x] && NeQ[b”2-4xaxc,0]

Int[(f_+g_.*x_)/(Sart[x_]Sqrt[a_+c_.+x_"2]),x_Symbol] :=
2xSubst [Int[ (f+g+x"2) /Sqrt[a+cxx*4],x],x,Sqrt[x]] /;
FreeQ[{a,c,f,g},X]

f+gx

Z:J
Vex Va+bx+cx?

dx whenb?-4ac#0

Derivation: Piecewise constant extraction

Basis: o, 22— -
—

ex

Rule 1.2.1.3.19.2: If b2 -4 a c # 0, then
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Rules for integrands of the form (d+e x)~m (f+g x) (a+b x+c x"2)"p

X

f+gx \/; f+gx
J dx — j d
Vex Va+bx+cx? Vex Vx Va+bx+cx®

X

Int[(f_+g_.*x_)/(Sart[e_sx_]+Sqrt[a_+b_.+x_+c_.*x_"2]),x_Symbol] :=
Sqrt[x]/Sqrt[esx]«Int| (F+g*x) /(Sqrt[x] +Sqrt [a+bsx+c+x"2]) x| /3
FreeQ[{a,b,c,e,f,g},x] && NeQ[b"2-4xaxc,0]

Int[(f_+g_.*x_)/(Sarte_sx_]+Sqrt[a_+c_.*x_"2]),x_Symbol] :=
Sqrt[x]/Sqrt[e*x]*Int[(f+g*x)/(5qrt[x]*Sqrt[a+C*x“2]),x] /3
FreeQ[{a,c,e,f,g},x]

20: f(d+ex)"'(f+gx) (a+bx+cx*)?dx whenb>-4ac#0 A cd’-bde+ae’#0

Derivation: Algebraic expansion

Basis: f + g X == g (d;ex) n efédg

Rule1.2.1.3.20:1f b>-4ac+0 A cd®>-bde+ae?+0,then

J(d+ex)m (F+gx) (a+bx+cx?)Pdx —

ef

-d
gJ‘(d+ex)m+1 (a+bx+cx®)Pdx+ gJ-(d+ex)'" (a+bx+cx?)Pdx
e

e

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_)* (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
g/exInt[ (d+exx)” (m+1) * (a+bxx+Cc*x"2) *p,x] + (e*F—d*g)/e*Int[(d+e*x)"m*(a+b*x+c*x"2)"p,x] /5
FreeQ[{a,b,c,d,e,f,g,m,p},x] && NeQ[b*2-4xaxc,0] 8&& NeQ[c*d"2-bxdxe+axe”2,0] && Not[IGtQ[m,0]]

Int[(d_.+e_.#x_) m_x (f_.+g_.*X_)*(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
g/exInt[ (d+exx) (m+1) # (a+Cxx*2) "p,X] + (exf-dxg)/exINt[ (d+exx) ms (a+Ccxx 2)"p,x] /;
FreeQ[{a,c,d,e,f,g,m,p},x] & NeQ[c+d"2+axe"2,0] && Not[IGtQ[m,0]]
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